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Application of Normal lode Theory and 
Pseudoforce Methods to Soife Problems With 
Nonlinearities 
In the design of structural systems such as nuclear reactor coolant loops consisting of 
piping, supports, bumpers, and tie rods, the basic structure is linear. For transient 
analysis of piping loops wider conditions of earthquake and hypothetical accident 
of pipe rupture, the linear system becomes nonlinear because of forces due to bottoming 
in gaps, plastic action in the bumper stops or tie rods, etc. The dynamic analysis of 
such a structure normally employs the direct integration of the governing nonlinear 
equations of motion. A technique is presented in this paper where conventional normal 
mode theory is used even though there are nonlinearities. Nonlinearities such as 
bumper-gap elements, plasticity, etc., are defined as functions of motion and incorpor-
ated as generalized pseudoforces. This approach can, to a considerable degree, preserve 
the benefits of modal type analysis such as physical understanding in terms of fre-
quencies and modes, and adequate and economical solutions using a reduced number 
of modes. 
Introduction 
The many advantages of linear or linearized structural analysis 
cannot be overemphasized. Reduction techniques on both the 
mass and stiffness matrices are readily applicable. Normal 
mode types of analysis can be performed and accurate transient 
time history solutions of large structures can usually be obtained 
with a reasonable number of modes. Frequencies and modes also 
greatly enhance the physical understanding of the dynamic 
behavior of structures. However, these linear techniques are 
often abandoned because a few important nonlinearities, such as 
gaps, local plasticity, friction, etc., may be present in the struc-
ture. This is especially true in the analysis of nuclear reactors 
and the associated coolant loops. Structures of this type have 
basically linear behavior except during severe shock excitations 
which may result from seismic disturbances or hypothetical acci-
dent conditions. For these types of disturbances, vessels, such 
as steam generators or pumps, may impact or bottom in gaps 
thus limiting the motions. 
I t is the intent of this paper to show through a simple example 
of a piping system with gap restraints, how structures which are 
basically linear with a few nonlinearities can be analyzed with 
normal mode theory. Nonlinearities are handled as generalized 
pseudoforces on the right-hand side of the modal differential 
equations and the powerful linear reduction techniques are still 
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applicable. Selection of modes for a reduced modal analysis be-
comes more difficult and some additional considerations are 
necessary because of the nonlinearities. The reduced modal 
analysis, when applied, results in significant economy in problem 
solution time. This is important, because it may make the dif-
ference between "GO" and "NO GO," when computer time is 
prime and schedules are tight. 
This modal approach is being used extensively in the transient 
structural analysis of nuclear reactor coolant loops which are 
excited by seismic and various hypothetical accident conditions. 
Description of Theory 
The dynamic equilibrium equations of the system can be 
written in matrix form as: 
M{x\ + K{x\ = {F} + {N} (1) 
where 
M = mass matrix 
K = stiffness matrix of the linear part of the structure 
{x\ = displacement vector of the masses 
{x) — velocity vector of the masses 
{x\ = acceleration vector of the masses 
j F\ = vector of externally applied time-varying forces 
{N\ = pseudoforce vector of nonlinear internal forces, 
(gaps, plasticity, etc.)[l, 2].1 
To illustrate calculation of a pseudoforce, consider an example 
'Numbers in brackets designate References at end of paper. 
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of a spring-damper bumper at node n in the ith direction. The 
pseudoforce is given by: 
Ni"(Xi, ii) = ki"(xi - gi") + Ci"£i when x{ > </;" 
= 0 when x,- ^ g%n 
where 
ii", Cin — spring and damping constants, respectively, of the 
bumper at node n in the ith direction 
gin — gap at node n in the ith direction. 
The natural frequencies and associated mode shapes can be 
obtained by solving the characteristic equation: 
[XI - M"U{]{<f>} = {0} (2) 
where 
M~l = inverse of the mass matrix 
I — identity matrix 
{$} = displacement vector 
X = scalar. 
Each eigenvalue \a — oia
2 of equation (2) determines a natural 
frequency, oia, and the associated eigenvector {$„} is the mode 
shape. The matrix whose columns are the eigenvectors {(j)a) is 
called $ the modal matrix. 
Matrix equation (1) represents the dynamic equilibrium of the 
masses of a structure with applied and nonlinear type forces 
in any or all of the coordinate directions. Equation (1) can now 
be transformed into modal coordinates by defining the follow-
ing linear transformation: 
{x} - <!?{?}, (3) 
where {g} = modal coordinates 
$ = modal matrix, 
also {xj = <£{?} (4) 
and {x\ = #{<?} (5) 
Substituting equations (3) and (5) into equation (1), the result is: 
M${q} + K${q) = {F\ + {N\ (6) 
Premultiplying equation (6) by $', the transpose of <!>, the re-
sult is: 
<£>'M${g} + $'.£${ g} = $'({F} + {N}) (7) 
The modes can be normalized so that, the matrix $>'M& is an 
identity matrix. The matrix $'Jf$ is diagonal and the diagonal 
elements are the natural frequencies squared. That is: 
$ ' iC$ = diag (wi2, W22, . . . ) 
Finally, the modal differential equations are: 
g[a + «„2?<, = Si$,-, a(Fi + N() 
where a = the mode 
i = the mass direction index 
(8) 
(9) 
Small amounts of damping can be included by adding a 2f 0wag0 
term to the left side of equation (9) where f „ is the damping ratio 
for mode a. 
Applying equations (3), (4), and (5) the actual time responses 
of the structure for the ith mass direction are: 
and 
Xi(t) = S^.^t) (10) 
(11) 
(12) 
Equations (9), (10), (11), and (12) are the fundamental equations 
which are used. 
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The selection of the necessary modes in equation (9) is based 
on two primary considerations; the first is to consider all the 
modes necessary to represent the structure and the second is to 
consider all modes which influence the motions which define the 
nonlinear forces. The second consideration can be more dif-
ficult and often involves selection of higher modes which would 
not normally be considered. 
Application 
As an example of the modal and reduced modal dynamic 
F ig . 1 D y n a m i c m o d e l of a 3-D p i p i n g s y s t e m 
F, (kN) 
1334.2 
TJC5- t (SECONDS) 
F 2 ( k N ) 
889.4 
(i 0.2 0.5 t (SECONDS) 
F3 (kN) . 
0 0:2 ~TL5\ (SECONDS) 
F ig , 2 Ex te rna l l y a p p l i e d f o r c i n g f u n c t i o n s 
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= 206.8 GPa 
= 0.33 
Table 2 Properties of gap restraints 







analysis techniques for systems with nonlinearities, several 
solutions were performed on a simple three-dimensional non-
linear piping system. Fig. 1 represents the dynamic model of 
this piping system which consists of nine straight elements, two 
elbows, and three gap-bumper supports. The piping system is 
fixed at its ends. The model, without the presence of the gap 
supports, represents the basic linear system. It is a 39 dynamic 
degree-of-freedom system utilizing a lumped mass approach. 
Tables 1, 2, and 3, respectively, list the properties of the pipe, 
properties of the gap-bumper restraints, and the nodal coor-
dinates and inertia values. In all solutions, damping was neg-
lected. The forcing functions exciting the model are selected as 
shown in Fig. 2. 
The solutions that were studied are the direct integration of 
the system equations of motion, namely equation (1) with the 
nonlinearities on the left-hand side, the modal approach which 
includes all 39 modes, and the reduced modal approach which 
uses a reduced number of modes. The direct integration analysis 




































































































the modal and reduced modal analyses were carried out with the 
WESTDYN-FIXFM computer codes which are all verified 
Westinghouse Electric Corporation proprietary codes. 
The WECAN computer code is a general purpose finite ele-
ment code using a wavefront equation solver. Dynamic solu-
tions are obtained by direct implicit integration of the system 
equations using the Newmark /3-method. 
The WESTDYN computer code is a special purpose computer 
code for analysis of redundant piping systems. It is used to 
generate the frequencies and modes of the linear piping system. 
The FIXFM computer code takes the frequencies and modes 
from WESTDYN and generates the modal equations (9) 
through (12). Solutions to the modal differential equations are 
obtained by explicit integration using a fourth order Runge-
Kutta integration with specified error control. 
Table 4 Frequencies and modes 
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(6) 30-mode solution 
Fig. 3 Fore® in Ki for direct and 30-mode solutions 
Results and Discussion 
Table 4 gives the first five frequencies and mode shapes of the 
linear 3-D piping with fixed ends shown in Fig. 1. The modes 
have been normalized so that the generalized masses are unity. 
Using this type of normalization, the selection of modes can be 
aided by comparison of the magnitudes of the mode shapes at 
both the locations of the applied forces and the locations of the 
nonlinear forces. Larger mode shape magnitudes at these loca-
tions generally indicate the mode to be important. 
Figs. 3, 4, and 5 show the transient forces from the direct and 
30 mode solutions for bumpers K l , K2, and K3, respectively, as 
a result of the externally applied forces shown in Fig. 2. Fig. 6 
shows the time history of the Z displacement at node 4 for direct, 
30 mode and 18 mode solutions. Further comparison of the 39, 
30, 18, and 15 mode solutions of the bumper forces is given in 
Table 5. Comparison of computer running time in percent is 
given in Table 6 for 39, 30, 24, 18, 16, and 15 mode solutions 
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0b) 30-mode solution 
Fig. 4 Force in Ki for direct and 30-mode solutions 
As is evident from Table 5, the results of the 39 mode solution 
are essentially identical to the 30 mode solution since the nine 
higher rotational modes are not excited; however, computer 
solution times are significantly different as listed in Table 6. 
Theoretically, the direct solution and the 39 mode solutions 
should be the same (as At the integration step size approaches 
zero); however, inspection of Figs. 3, 4, 5, and 6 reveals that slight 
differences occur between the direct and 39 mode (or equivalent-
ly 30 mode) solutions because different integration schemes and 
different computer programs were used. 
Selection of the final model is usually based on a compromise 
between calculation costs and accuracy. If investigation of 
variation in bumper designs are of interest, then a less accurate 
but more economic solution may be desirable. For example, the 
18 mode solution is essentially 5 percent of the cost of the 39 
mode solution and the inaccuracies in the sensitive bumper 
forces are only 2 percent. The piping configuration analyzed in 
this paper was chosen to be simple for ease of presentation; 
however, in more complex structures these techniques are still 
applicable and the associated savings in calculation costs should 
be greater. For this sample problem, the computer time for the 
direct solution by WECAN using the same integration step size 
(0.0000625 sec) was comparable to that of full modal solution 
number 1 in Table 6. 
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Ob) 30-mode solution 
Fig. S Force in K% for direct and 30-moda solutions 
-30 
Conclusions 
1 A simple example of a nonlinear system has been analyzed 
to show that linear or linear modal techniques can be used on 
the linear portion of the system and nonlinearities such as gap-
bumpers, etc., can be handled as pseudoforces on the right side 
of the dynamic equilibrium equation. 
2 Significant reduction in computer costs has been illustrated 
for this simple example using a reduced number of modes. At 
the same time, the accuracy of the solution has been maintained. 
3 The selection of the necessary modes for a reduced modal 
analysis is more difficult when nonlinearities are present. Two 
basic guides which should be used are: first consider all modes 
necessary to adequately represent the excited linear structure 
and second consider all modes which influence the motions at the 
nonlinear forces. The second consideration is more difficult and 
often involves selection of higher modes which would not normal-











Fig. 6 Time history of ^-displacement at node 4 for direct, 30-rrtod®, 
and 18-mode solutions 
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Table 5 Comparison of forces In bumpers for 39, 30,18, and 15 mode solutions 
Time Bumper 1 force (kN) Bumper 2 force (kN) Bumper 3 force (kN) 




























































































































































































(0> Time of maximum value 
Table 6 Comparison of relative computer times for modal and re-
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